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Abstract—In this paper a comprehensive magnetic model is 
developed for a surface mounted permanent magnet synchronous 
machine (SPMSM) considering both the structural and the 
saturation saliencies to enable the numerical simulation of new 
rotor position detection algorithms. With an identifiable 
parameter matrix, a numerical nonlinear inductance model is 
proposed, in which the rotor position and the stator current are 
taken as two independent variables. Additionally, the stator 
current frequency is taken as another factor of the inductances 
and the inductances for different frequencies are investigated. 
After experimentally identifying out all the parameters, a 
nonlinear mathematic model of SPMSM is built up based on the 
new magnetic inductance function. Finite element method (FEM) 
based calculation and simulation results are used to verify the 
proposed nonlinear magnetic model. 
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I.  INTRODUCTION 
The permanent magnet (PM) electrical machines, e.g. the 
permanent magnet synchronous machine (PMSM), have found 
wide applications due to their high-power density 
(compactness), high efficiency, ease of control, high torque-
to-inertia ratio, and high reliability.  
The traditional PMSM model is based on the linear 
magnetic property assumption that the inductance of the stator 
winding is a constant value for different stator currents. The 
linear model functions reasonably well in describing the energy 
conversion and the torque generation inside a PMSM. The 
widely used field oriented control (FOC) and direct-torque 
control (DTC) methods were developed based on this linear 
model and achieved good control performance. A lot of efforts 
then have been made to improve the PMSM drive performance 
from the aspects of power electronics, control theory or 
computing techniques [1]-[3]. However, the application of 
PMSMs is limited because of the unavoidable rotor-position 
sensor, which not only increases the system cost, but also 
perhaps more importantly reduces the system reliability. 
A number of techniques for position sensorless and initial 
rotor position detection have been proposed to reduce the drive 
system cost and increase the reliability. Most of the schemes 
are designed based on tracking the rotor magnetic salient pole. 
However, these sensorless strategies can only achieve good 
performance for interior PMSM (IPMSM) [4] [5]. They are not 
suitable for surface mounted PMSM (SPMSM), in which the 
magnetic saliency is normally very small and hard to detect. 
On the other hand, the initial rotor polarity could only be 
detected when the stator core is saturated by adding a large 
current [6]. The experimental trial and error method has to be 
employed and it is not possible to numerically simulate the 
proposed schemes due to the lack of a comprehensive PMSM 
model incorporating the saturation effect. 
The classification of the rotating magnetic saliency inside a 
PMSM is carried out as the structural saliency that mainly 
comes from the interior structure, and saturation saliency 
induced by the magnetic saturation effect of the stator core [7]. 
Numbers of methods have been proposed to develop a 
comprehensive PMSM model, among which the finite element 
method (FEM) based models could achieve accurate 
calculation for the magnetic field [8]-[10]. However, the FEM 
based methods require large calculation cost or computing time, 
even for transient FEM schemes [11]. The developed models 
could not be applied to machine dynamic simulation.  
In this paper, a comprehensive mathematical model of 
PMSM is built up considering both the structural saliency and 
the saturation saliency. An SPMSM is chosen as the prototype, 
in which the saturation saliency is amplified as the main 
magnetic saliency. A numerical nonlinear inductance model is 
proposed based on the stator currents and rotor position 
variation with all the parameters experimentally identified. 
Furthermore, the inductances at different stator current 
frequencies should also be considered because a number of 
sensorless drive strategies are proposed based on high 
frequency signal injection schemes. In this paper, the stator 
current frequency is considered as another factor of the values 
of the stator winding inductances, which are essential for rotor 
saliency tracking. The FEM based calculation and simulation 
results are used to verify the machine model. The 
comprehensive nonlinear machine model is built up in 
SIMULINK and this model can be further used to develop, 
simulate and evaluate the rotor position detection strategies. 
II. NONLINEAR MODEL OF PMSM WITH SALIENCIES 
In a rotating PMSM, the observable total flux linkage λt 
inside the air-gap is contributed by both the stator currents and 
the permanent magnets on the rotor. Based on the assumption 
that the flux in the air-gap is sinusoidally distributed, the three-
phase flux linkages λabc are here defined as the projection of λt 
on the stator reference frame and not only induced from the 
stator current directly. The voltage equation of the stator 
windings can be written as 
abcabcsabc dt
diRv λ+=    (1) 
where vabc, iabc and Rs are the phase voltages, currents and 
winding resistance in the stator reference frame, respectively. 
The relationship between the current and flux linkage is 
usually described by the nonlinear magnetization curve. For 
conventional linear PMSM models, this magnetization curve is 
always assumed to be linear, and the linear PMSM model is 
often expressed as 
abcabcabcsabc idt
dLiRv +=   (2) 
where Labc is the three-phase inductance matrix including the 
self- and mutual-inductances and it is independent of the stator 
currents.  
Therefore, in the rotor reference frame, the d- and q-axis 
inductances are thereby constant. When a set of unequal d- and 
q-inductances is employed, the structural saliency of a PM 
machine can be calculated based on this model. However, this 
linear model could not be used to describe the nonlinear 
saturation saliency.  
For a nonlinear model, the magnetic saturation is 
considered and the inductances are expressed as incremental 
inductances variable with the stator current. Then a composite 
function can be used to express the flux linkage 
),( θλ abca if=    (3) 
where θ  is the rotor electrical angle. 
Substituting (3) into (1), the following differential 























































































∂  is the rotating back-emf in three-phase 
windings; *abcL  is the nonlinear inductance matrix which is 
also a composite function of the stator currents and the rotor 
position. 
III. NONLINEAR INDUCTANCE MODEL 
The inductance matrix is the main difference between the 
conversional linear model and the proposed nonlinear model. A 
composite function is designed to express the nonlinear 
inductance matrix. 
A. Nonlinear Mathematical Model 
As shown above, the variables of stator inductance are the 
stator currents and the rotor position, which are linear 
independent [12]. Once the rotor position is fixed, the flux 
linkage could be expressed in terms of stator current as the 
magnetization curve. 
( ) 1210*0 +++++= mmikikikki "λ  (5) 
where k0, k1,…km+1 are identifiable parameters. 
The inductance at that rotor position is then defined as 
( ) ( ) mmikikikkidt
diL ++++== "2210λ     (6) 
The multinomial order, m depends on the magnetization 
curve. 
On the other hand, when the stator current magnitude is 
fixed, the self- and mutual-inductances of the stator windings 
are periodical function of the rotor electrical position. For the 
nonlinear machine model, this function will be a non-
sinusoidal curve, because of the saturation effect. When the 
rotor N pole aligns with the stator excitation phase, the 
inductance value will be smaller than that under S pole. 
Therefore, this function has to be expressed by using Fourier 
Serise: 






nn nbnaaL θθθ              (7) 
where a0, an and bn are the Fourier Series coefficients; 
 n is the Fourier Series order. 
Then a composite function of both the current and rotor 
position is defined to express the inductance  
)()(),( θθ CAiIiL ⋅⋅=    (8) 
where  ]1[)( 21 miiiiI "= ; 



























 is the identifiable 
parameter matrix. 
In this function, the nonlinear inductance can be calculated 
and updated against both the current value and the rotor 
position angle. The function can be applied to both three-phase 
self- and mutual-inductance curves by varying the parameter 
matrix A. The magnetization curve and Fourier Series orders 
will be defined later and the parameter matrix will be identified 
by experimental method. 
B. Parameters Identification  
An experiment platform is carried out on an SPMSM to 
identify the parameters and test the inductances. The block 
diagram is shown in Fig. 1. In order to accurately identify the 
two-dimensional parameter matrixes, both the rotor position 
and stator current should be controlled to satisfy the whole 
variation range. On one hand, the rotor position variation could 
be controlled mechanically by using the dividing head attached 
on the rotor shaft. On the other hand, electrical excitation has to 
be applied to the stator windings to emulate the stator flux and 
to calculate the incremental inductance values around the 
operation point on the magnetization curve. 
 
Figure 1.  Experiment platform for inductance test. 
In this test, a DC offset current vector is applied to the 
stator windings to simulate an instantaneous condition of the 
rotating stator current vector, which has a constant magnitude 
while steady state operation. The amplitude of the offset 
current determines the saturation effect and will set the 
operation point to different levels on the magnetization curve. 
The inductance at the operation point is defined as the 
derivative of the flux linkage, which is difficult to measure in 
the test. An incremental inductance is then defined to represent 
that value. Based on the DC offset current, an AC excitation 
signal has to be added to measure the incremental inductance 
value as shown in Fig. 1.  
During the test, the stator currents are fixed at several 
different levels from 0 to 6A at which the magnetic circuit is 
fully saturated. For each current offset, by applying a small AC 
current component the incremental inductance at a particular 
rotor position is measured. The incremental inductance 
calculation is shown in Fig. 2.  
By changing the rotor position with a dividing head, a 
series of inductance is recorded with a resolution of 6 electrical 
degrees. The nameplate parameters of the tested SPMSM are 
shown in Table I. 
 
Figure 2.  Incremental inductance calculation. 
TABLE I.  PARAMETERS OF TESTED SPMSM 
Name-plate Parameters Values 
Model IFT 6071-6AC21-2-Z 
Number of Poles 6 
Rated Power 1000 W 
Rated Voltage 128 V 
Rated Current 6.5 A 
Rated Speed 2000 rev/min 
Rated Torque 4.8 Nm 
 
The magnetization curve is usually expressed by using a 
fifth or seventh order multinomial. In order to fit a seventh 
order saturation curve, m is set to 6 in (5) and (7). 
On the other hand, for the periodical inductance variation 
on rotor position change, the order of Fourier component 
vector C(θ) is chosen based on the harmonics weights. Fig. 3 
shows the inductance curves at different current offset levels. It 
is found that the harmonics of the inductance mainly converge 
in the first 8 orders based on the FFT of the inductances at 
different currents. In order to regress the inductance-position 
curve accurately, n is set to 8 in (7). 
Therefore, the dimension of matrix A is set to 7×17, by 
setting m=6 and n=8 to acquire an accurate enough surface 
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Figure 3.  Measured self-inductance curves at different current offset levels. 
On the other hand, the inductance variations are small and 
periodically fluctuant function. To obtain better regression 
results, the Least Relative Residual Sum of Square (LRRSS) 
method is employed. For the objective function L(i, θ), the 


















θθ  (10) 
The parameter matrix A then could be calculated by using 
the equations set as  
( ) ( ) ( )
( ) ( ) ( )
















































A Matlab m-file function is designed to calculate the matrix 
A based on (10) and (11). Fig. 4 shows the regression result for 
the self-inductance function. To get a better display, the 
transpose of A is shown. The relative residual sum of square of 
this regression, fre(A) is only to 0.1207656%.  
Fig. 5 shows the comparison between the tested and 
estimated self-inductance of phase A at 0A and 6A current 
offsets, where ±0.5% error bands are added. It can be found 
that the relative errors of the inductances are very small and the 
regressed objective function can be used to describe the 
variable self-inductance. 
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Figure 5.  Measured and estimated incremental self-inductance at different 
current offsets 
 
Figure 4.  Curve fitting for self-inductance parameters by using LRRSS method
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Figure 6. Measured and estimated incremental mutual-inductance at different 
current offsets 
The same regression method is applied to the mutual-
inductance coefficients identification. Fig. 6 shows the 
comparison between the tested and regressed mutual-
inductance between phases A and B at different current offsets. 
Then a nonlinear inductance model is built up for this three-
phase machine. An accurate inductance matrix can be 
calculated for given stator currents and rotor position. This 
model incorporates both the machine structural and the 
saturation saliencies. 
IV. MODEL VERIFICATION BY FEM 
To verify the new nonlinear inductance model, the 2-
dimensional FEM is applied to numerically calculate the 
magnetic field of the machine. The data of the machine 
physical parameters is collected, including the material 
characteristics of the magnets and the core. After dismantling 
the machine, the inner dimensions are also measured. Fig. 7 
shows the magnetic field distribution and Fig. 8 shows the 
comparison of estimated and calculated inductances. 
 
Figure 7. Magnetic field distribution the inductance is calculated. 
It can be found that the calculated inductances 
approximately coincide with the estimated values. The errors 
shown in Fig. 8 mainly come from the stator skewed slots. The 
ending leakage inductances of the stator windings and the 
skewed slots on the stator are not considered in this 2-
dimensional FEA algorithm. The stator leakage inductance is 
calculated separately and the value is about 1.9mH. 
 
Figure 8. Comparison of the estimated and calculated self-inductances. 
V. INDUCTANCE VARIATION VERSUS FREQUENCY 
As shown above, the inductance of the SPMSM is related 
to the stator current amplitude and the magnet rotor position. 
On the other hand, the inductance values are also varying 
against the stator current frequency, which is always varying in 
the machine drive system. In most of the proposed initial rotor 
position detection schemes, the injection signal frequency is set 
at a much higher value in order to keep the rotor at standstill 
and to amplify the inductance variation. 
 
Figure 9. Measured self-inductance curves at different current frequencies. 
On the same experiment platform, the inductance tests are 
carried out on different frequencies. Fig. 9 shows the 
inductance curve at different current frequencies, which are 
chosen at high frequency levels. The current offset level is set 
at 6A and the rotor angle varies.  
It can be found that the self-inductance values vary with the 
current frequency, but the profiles of the curves are close, 
which indicates that the saturation saliency is almost constant 
for different frequencies. For different frequency operation, the 
rotor magnetic saliency has the same traceable position. Once 
an injection scheme is proposed, the injected signal frequency 
will only affect the practical impedance values but not the 
profiles of the impedance curves. 
VI. MACHINE PERFORMANCE 
A comprehensive nonlinear three-phase inductances model 
is built up in SIMULINK, based on which the mathematical 
model of the SPMSM is built in MATLAB/SIMULINK as 
well. This new model is different from the linear machine 
model given in the SIMULINK library. Both the structural 
saliency and the saturation saliency are accounted in the new 
model. 
 
Figure 10. Comparison of speed and torque at no-load and load change. 
The new machine model is then simulated with open loop 
drive method. It is started without load and then a load torque 
is mounted on the rotor shaft, at which the three-phase stator 
inductances are saturated. The machine speed and torque 
output curves are plotted in Fig. 10.  
It can be found that when the machine runs at no-load the 
output torque is stable because the three-phase inductances are 
unsaturated and the equivalent d- and q-axis inductances are 
almost constant which induce a constant torque output on the 
shaft.  
On the other hand, after the load torque is stepped up, the 
stator currents rise and the stator core is saturated. There are 
ripples on the speed and torque output caused by the saturated 
and asymmetry inductances. These features make the 
simulation more accurate, which do not exist in the linear 
machine model simulations. 
VII. CONCLUSIONS 
In this paper, a nonlinear model of PMSM is developed 
based on a composite inductance function, which is designed to 
express the inductance as the function of both the stator current 
and the rotor position which are de-coupled. 
An experimental platform is carried out to identify the 
inductance coefficients. After taking a set of inductance 
measurements, the self- and mutual-inductances at different 
current levels and different rotor positions are recorded. The 
LRRSS method is employed to identify parameters and the 
regression results are verified by FEM calculation. According 
to the FEM results, the nonlinear inductance model is 
reasonable and effective to simulate the real machine. The 
stator current frequency is investigated as another variable of 
the inductance matrix. The self-inductance curves are plotted at 
different stator current frequencies. The modelled result shows 
that the profile of the inductance curves is the same. The 
variation of the inductance values is small and does not make 
any change of the rotor magnetic saliency position. 
With the identified coefficients, the new SPMSM model is 
built up in MATLAB/SIMULINK. The effect of the saturation 
saliency can be found from the simulation results. Based on 
this new comprehensive model, simulation of the proposed 
novel drive methods will be possible which will avoid the 
experimental trial and error process, reduce the development 
cycle time and save the research costs. 
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